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III. Researches in Physical Astronomy. By JonN WiLLiam LusBock, Esg.,
V.P. and Treas. R.S.

Read December 9, 1830.

IN last April I had the honour of presenting to the Society a paper containing
expressions for the variations of the elliptic constants in the theory of the
motions of the planets. The stability of the solar system is established by
means of these expressions, if the planets move in a space absolutely devoid
of any resistance *, for it results from their form that however far the ap-
proximation be carried, the eccentricity, the major axis, and the tangent of
the inclination of the orbit to a fixed plane, contain only periodic inequalities,
each of the three other constants, namely, the longitude of the node, the longi-

* When the body moves in a medium which resists according to any power of the velocity, the
contrary obtains, the major axis and eccentricity acquiring a term which varies with the time, while
the longitude of the perihelion and longitude of the epoch have only periodic inequalities. This
results from the equations given in the former part of this paper, Phil. Trans, Part II. 1830, page 340.
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18 MR. LUBBOCK’S RESEARCHES

tude of the perihelion, and the longitude of the epoch, contains a term which
varies with the time, and hence the line of apsides and the line of nodes revolve
continually in space. The stability of the system may therefore be inferred,
which would not be the case if the eccentricity, the major axis, or the tangent
of the inclination of the orbit to a fixed plane contained a term varying with
the time, however slowly.

The problem of the precession of the equinoxes admits of a similar solution ; ;
of the six constants which determine the position of the revolving body, and
the axis of instantaneous rotation at any moment, three have only periodic
inequalities, while each of the other three has a term which varies with the
time. From the manner in which these constants enter into the results, the
equilibrium of the system may be inferred to be stable, as in the former case.
Of the constants in the latter problem, the mean angular velocity of rotation
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neglecting the terms which are periodic

da=-20(2 ) 1+1(1‘i9—e*+&c.§du

de=———< ) {(n-’-l) +&c}(1—e‘l)dv

The major axis decreases perpetually, the eccentricity diminishes perpetually until it reaches zero,
while the perihelion retains the same mean position, and the longitude of the epoch the same mean
value. I stated inadvertently in the former part of this paper, p. 840, that the variations of the
eccentricity are all periodical.
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may be considered analogous to the mean motion of a planet, or its major axis ;
the geographical longitude, and the cosine of the geographical latitude of the
pole of the axis of instantaneous rotation, to the longitude of the perihelion
and the eccentricity; the longitude of the first point of Aries and the obliquity
of the ecliptic, to the longitude of the node and the inclination of the orbit to
a fixed plane; and the longitude of a given line in the body revolving, passing
through its centre of gravity, to the longitude of the epoch. By the stability
of the system I mean that the pole of the axis of rotation has always nearly the
same geographical latitude, and that the angular velocity of rotation, and the
obliquity of the ecliptic vary within small limits, and periodically. These
questions are considered in the paper I now have the honour of submitting to
the Society. It remains to investigate the effect which is produced by the
action of a resisting medium ; in this case the latitude of the pole of the axis
of rotation, the obliquity of the ecliptic, and the angular velocity of rotation
might vary considerably, although slowly, and the climates undergo a con-
siderable change.

The co-efficients of the terms in the development of R, multiplied by the
squares and products of the eccentricities, are susceptible of very great sim-
plification, in consequence of the equations of condition which obtain between
the quantities of which the general symbol is . I have now given the de-
velopment of R, as far as the terms depending upon the squares and products
of the eccentricities, in its simplest form. See p. 30.

I have also given methods of obtaining the inequalities of the radius vector,
of longitude, and of latitude in the planetary theory. The expressions in this
paper differ in form from those of Larrack, but their identity may be shown
by means of equations of condition which obtain between some of the quan-
tities involved. ‘

I have taken as a numerical example, the calculation of the co-efficients of
some of the inequalities in the theory of Jupiter, disturbed by Saturn.

On the Precession of the Equinoxes.

Let O be the origin of the co-ordinate axes, coinciding with some point in
the interior of the mass /.
Let x, y, = be the co-ordinates of any element d m parallel to three rectangular
D2
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axes O x, Oy, O 3, fixed in space, x, y,, ,, the co-ordinates of the same element
parallel to three other rectangular axes Oz, Oy, Oz, fixed in the mass M’

and revolving with it. Let the line N ON' be the intersection of the plane
x,y, with the plane zy,

Let the angle N O 2 =/, NO 2, = ¢, and the inclination of the plane x, y,
upon xy = 0.

z; = 2 (cos 0 sin Y sin ¢ + cos P cos @) + y (cos b cos Y sin @ — sin  cos p) — z sin § sin @
y, = « (cos § sinr cos ¢ — cos ¢ sin $) + y(cos b cos P cos @ + sin P sin @) — zsin 6 cos ¢
z,==xsin fsiny + ysinfcosy + zcos

Let X, ¥, Z be the accelerating forces which act upon the element dm in
the direction of the axes Ox, Oy, Oz,

L/.(?/ﬂ-{-z"ﬁ)dm:A, f(wﬂ_}.z(‘z)dm:B, f(x‘9+y‘9)dm=c ;
pdt=sinpgsinfdy —cospdf

gdt=cospsinfdy +sinpdb
rdt=dpg —cosld{

Cdr+(B-A)pgdt=d§f(x, Y—y X)dm
Bdg+(4—Crpdi=dt [z X,— 2, Z)dm
4dp+(C—Bygrdt=dtf(y, 2, —a,¥)dm

If the axis of instantaneous rotation coincides with the line O I at any instant

— P
COSon‘_VzW

— q
cosIOy,_._4/_});;_4_:‘#:*____;_a
cos10z = r

VPt et

sin 10z _4/;)‘2+q9

VPt + gttt
If 3, 1L be a great circle cutting the plane z,7, in L,
cos z, OL=CosIOz _ P

sinl Oz pry g

If the accelerating forces X, ¥, Z=0 and B = 4, the integrals of the pre-
ceding equations are

r=n, p=ccOSC—

A(nt+'v), q=csing—}f¥(nt+7)
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and neglecting c?,

_ c A. /C C— 4
0_w+~ﬁ-_c-sm(jnt+ = -y)

Y=ty — 4 cos (—nt+C;Ay

nsinw C

o=yt nt = 0% oo (——nt+

nsinw C

n, ¢, 7y, w, "y, and @, being constants. In the problem of the Precession of the
Equinoxes » is the mean obliquity of the ecliptic, <o is the longitude of the
first point of Aries when ¢ = 0 reckoned from some fixed line.

SinI0 %, = WE‘%—TQ , hence it appears that if a body whose form is that of a

figure of revolution be made to revolve, and be acted upon by no extraneous
force, the axis of instantaneous rotation revolves about the axis of the figure,
the latitude of the former axis remaining constant.

The anglex,OI,:C;A(nt-}-y)

If the forces X, ¥, Z, arise from the attractions of a distant luminary M’,
of which the coordinates referred to the axes Oz, Oy, Oz, are z/, y/, 3/, the
force varying inversely as the square of the distance,

X, = M (z) —z) :
{@—aP+G—y)+ &=
Y= M (y'—3) !
{(&— a2+ @ —v)r+ @~z
Z = M (z) —=2)

{(xl — a2+ =)+ (& 34'>Q}T

by ! ! ! /
‘/ExAYI'—lel)dm=M.f(x‘y' Tlsyl"";) {l +3(x,x, +.Z/2!// +22/) + &e. }dm

By the properties of the principal axes /z,y,dm=0, /7,5, dm=0, [y, z dm=0,
and by the properties of the centre of gravity / x,dm =0, _/:y, dm =0,
/% ,dm = 0, whence

1ol gy ! 1
ﬂxl Y,—y,X,)dM=§——Mr,i:'—g—’*ﬁxﬁ—y,“)dm—W%’y'dt
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4
Cdr+ B = A)pgds =L E=ADy g,

!
Bag+(A—Cyrpds =T =Dyrzra,

1 (! —
Adp+ (¢ — Bygrae=2E=D 1,

Substituting for x/,y!, =/ their values from equations, p. 20, upon the sup-

position of + ==
M(B—A4 . .
Cdr+(B—A)pth=3—(2—T,—;—-—) {{(y'cosG-—z’s1n9)9-—-x'9}s1n2<p
+ 22'(y' cos § — 2'sin 6) cos? ¢}

(A —
Bdg+ (4 - C)rpdt:w—%——-——c-) &' (y'sin 6 + 2' cos 0) cos ¢
i

+ (y' cos 8 — 2'sin ) (y'sin 6 + 2'cos §)singp }
Adp+ (C~B)grdt= M:_E) {(y cos § — 2'sin ) (y'sin § 4 2'cos 6) cos ¢

— &' (y'sin 6 4 2’ cos §') sin cp}

If
3—,]’—{—’ {(y’cos@ — 2'sin §) (y'sin 0 + z’cosO)} =P

3M {x'(y sin § +z'cosﬂ)} P
Bdg+ (A—C)rpdt=(4~—C)dt{P'cosg + Psing}
Adp+(C—B)grdt=(C—B)d¢t{Pcosp — P'sing}

P and P' may be developéd according to sines and cosines of angles increasing
proportionally to the time. Let % cos (it 4 ¢) be any term of P, &'sin (it + ¢)
the corresponding term of P,

qu+(A_c>rpd:=A; Cdt{(k+k')sin(4>+u+e) + (k—-k’)sin(¢—it—-s)}
C—B . .
Adp + (C—B)qrdt:——-2——dt{(k+ k')cos(<p+zt+t)+(lc-—-k')cos(¢—zt—-e)}

The equations which were given p. 21, may still be considered as afford-
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ing a solution of the problem by making the constants =, ¢, ¥, @, , and
o vary,
dn=0

:;A(nt+y)dc+cg—_—Acos£———-4-(nt+'y)dy+ (AZ C)nccosC;A(nt+y)dt

=A Cdt{(k+k')sm(¢+zt+e)+(k k’)sm(cp—zt-—-s)}

sin

;A(n~t+7)dc—c~q%4sin-c—'—}jg(nt+'y)dy—A; CncsinC;A(nt+7)dt

cos

= —%?;gdt {(k+ H)cos (p + it +¢) + (k—k')cos(¢—it—e)}
since ¢ = @, + n ¢ nearly

dc=%gdt{—(k+k')cos(¢o+nt + C;

;A(nt+-y)—it-—e)}

A
(nt+vy) +it+z)

— (k — k') cos (¢0+nt+ ¢

C A—C - C C—-4 )
~ dy+ = ncdt._ dt{(lc+k’)sm(¢0+nt+ (nt+y)+zt+s)
+ (k— k’)sxn<¢o+nt+ (nt+vy)—zt-—s)}
de C— C
duw +———~sm(——nt+_____y)+ cos(—z t+—-—y)d'y 0
C—4 ccosw A4
df, — nsmwccos(—nt-]— 7)+nsmw9 cos(—-nt+ )dw
¢c C—A4
+m 5 sm(Ant+ y)dy=
C—4d ¢
@~ nsmwz‘_cos(—m_‘- )+nsmw‘lCcos(AM+ 7)dw
¢c C—4
m Sln(Ant+ Y)d'y—

From the preceding expressions it may be inferred that

n = constant.

de

3; = Series of cosines without any constant quantity, unless the mean mo-
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tion of rotation is commensurate to the mean motion of revolution of the
luminary M'.

‘.:llt’= series of sines without any constant quantity, except in a similar case.

¢ being equal to a constant - a series of sines.

‘;_‘;’. = a series of sines without any constant quantity.
‘%9 = a series of cosines 4 a constant quantity.

‘%% = a series of cosines -+ a constant quantity.

In the general case where 4 is not equal to B, n= constant - series of
cosines.

The form of the preceding expressions is not affected however, for the ap-
proximation may be carried so that except in the case of commensurability
above mentioned, the mean motion of rotation being also nearly twice the
mean motion of the planet M in its orbit or greater,

n = constant - series of cosines without any constant quantity multi-
plied by the time.
¢ = constant - series of sines or cosines without any constant quantity
multiplied by the time.
w = constant -} series of cosines without any constant quantity multi-
plied by the time.
v = constant -}- series of cosines or sines -4 a constant quantity multi-
plied by the time.
Yo = constant -+ series of sines -+ a constant quantity multiplied by the
time.
@ = constant -4 series of sines 4 a constant quantity multiplied by the
time. (

The constant quantity multiplied by the time in the value of , is the pre-
cession of the equinox. -

If &' = 0, (which amounts to taking for the fixed plane the orbit of the
planet M')) and #' be its mean motion, then neglecting the eccentricity,
¥ =dcosn't, y =4dsinn't, r=d,

! !
P-_—%sinwcosw(l—-cosZn't), P’=2% sinwsin2n't
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Supposing @, = 0, y = 0, ¢c==0, ¢, being in fact imperceptible to observa-
tion, and neglectmg cos 27 2 sin2#'t, in order to find the constant part

of =2 d‘l"’

%‘ito _3M =0 prginweosweos St

ZnA '3

cdy_ _ 3(A—C)n
dt 2nA M

. C
smwcoswsmz-nt

A

U

d¥o _ MM'cosw—ELC___A) n'2cos w

dt  2nCaP®

This result agrees with that given in the Méc. Cél. vol. i. p. 318, and with
that given by M. Poisson, Mémoires de I'Academie, vol. vii. p. 247. In La-
PLACE’s notation « = s, m = n'. In M. PoissoN’s notation » = 4, m = »'.

On the Theory of the Motion of the Planets, continued from Part II. 1830,

p. 357.

From the general equations given in the Méc. Cél. vol. i. p. 268, the fol-

lowing may be inferred.

3 a (a2 +ap) a
Tg T ey T e
Ta, _3(@+a), 5a,
Q“‘; 1.4—“—5;;-’ 1,3_’2—"&' 1,2

2 b =@ +2aﬂ) by, — é—abs,o
i e,
3 (a®+ap) e
= b —g gt

— B, =@ta), _Sa

— Y50
a, a

=3(@+ah, _9a,,

— b=

to]oa

2
q

a+ a2 a
= i -2
b 150 alg bs,o a, bs, 1

MDCCCXXXI.
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9 a 4 (a® 4+ ap) 7 a,
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2 al 1,5 I b 1,4 2 albl.s
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a4+ a2 a a
bl.9=-+—""bs g = =Dy, = —=by,
2 () » 9.

a= e @

b _a+af
3,0 —

bs,o - —;‘ bs,:

a’+ a2 a a
bs,s = ———-LQ 65,2 - —'bs,l _— bs
a, q,

a, 4
a
b"‘ = 'l;;{bs,o- ibs,q.}
a
3b,5= Za {bs’g - b&,,}
a
b’.l = 3";‘ {1’5,0 - %bs,a}
3 a
363.3 = '2""% {bs,e - bs,-:}
o
| 2(1 + a_g) bo—22b,
265, . =G
(-5
a? a
, 5(1 + EF) ba— 2.5 5-bus
3,2 = a®\ 2 ?
(1-5
2
2(1 + ﬁ.é) byo + % LA
255,0— I(l AT ,
2
A i
%bs.fz,: 2 @\ : >
e
2b,0= ! 4

RESEARCHES
_a4al a a
bs= a7 L by,s — -&—lbs,sz ‘—(1—‘5§,4
2 2
ba,l "—a :-ga' bs,x —-bs,o - —bs [}
i
3 3
baa =La.¥"-bss ""?"bn“—:"bb,q
(| i

3 a
2by= 'é"a_" {bs,l - 65,3}

4b;,4 =—g‘ g"{bs,s - bs,s}

7(l+—)b,3—2 7-—b,4

(1___
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]l(l+a2)bs.

rdR

2.3a

e ——-— — b5'4

7,3 =

daFnt= Fnt,

(Q._Ri _. dRda

S 4
2

{a*—2aa,cos0 + a2}

— (@ — a,cos )
{a 2aa,cose+a"‘}7

“dadaF(nt) da

(&)

l,
=2 (o + bircosd o+ by 0520 4+ &e}

{d b10+ 1.1c059+,~%&2cos26+&c}

i d.b
_ﬁ'—a—a_lwsw‘}{bso+bslcoso"‘bsﬂcosze'l-&c}——- { 3
7
#8:bucost 4 Lbiscos + )
da da
whence
ad.b,__afa 1 }
de q albs'o -2_b8,1
ad.b1,1 ___ d —1 }
da a —“—lbs' = bso —Z—bs"Z
d.b a !
a dam r —‘—l-bag ——bs, —Ebs,s}
d
a bls {—-ba, ba, —;—'b:m}
similarly
d.b 1
a daS,O_ 3 { b.’}.o_—z— b5'1}
d b
ad.by,, __ _ g __{__ 51 = —-;—bs,x
ad.b,,o 1
] 5-;[ —a;b7o—""b7,
ad.b L
da —?,67’9'}
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@d.b,_a {Za 1
_ -&763,0 2b3,l

da?
2d2.b
—q = "”“ ”“}
atd2.b 2a 3
d a2 { Bas + —2—b3’3}

a*d®.b,,__a [2a
~._.dag—l,»:"'_'z; {‘a‘l'bS.B + bs,a_2bs,4}

a?d>. b, _a {Qa 3 _5 }
Td_ar_v't—z—, El‘ba,«x'l‘é-bs,a -2‘1’3,5

The value of R given p. 349 of the former part of this paper is susceptible
of much simplification. - The first term of R for instance

b, 3(a%e* 4 a2ep e+ e
=ml{—_-9+ ¢ 2_;1,‘3‘ ') so+2 (S 9‘2+( ‘))bsx

4
3 .
~2.4a (2 ate* + 5ataz? (e + ef) +2at eﬂ) b0 + m (a2e* + afe) aa,b,,
1.3.3 a%a?
+2 1.9 a,l (€ + e byo

b 3 (a2e 202 . 2 2
=m‘{ 3(a*¢ + a7¢f) sin 4 5_42-_3) by

aaq,
=t T gge  botag
__.2

3.2 (a®+ af) (a%e® + alep) 3.3a%a?
2.4 a2 , aﬁ’ = boo— 2.4 a,l (€ + ) by
3.2(a*¢*+a’e?) a 3.3 a?
+954 a‘s‘ : q, 5.x+2 4.2 af" (e +¢%) b
and since
(a® + a2) a
by0= *—'JF-—'— b;,0 — —l;‘ bs, See p. 26

3a
bs,, = E {bs.o —%bﬁ,?}

this term reduces itself to

aa +e 3aa
o >
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The succeeding terms admit of similar simpliﬁcations, so that

R:m,{—%— 2: (smﬁ ! +e+e, )bs, (e +e,)631}
(] 't
a ' 2+t e2 by, a [ . o4 e?+-e : ’
o252 1 252) (i)
3. 2 a 2 Q b t 13
—2.*71“(9 +ebse ¢ cos(ni—njt+e—e) 0]
+m, {" boy *,— (st 4+° +e‘ ) (bs1+0s,0)+ Z'('la (e+e)bs
- f_i %(eg+eﬁ) bs,s} cos (2nt—2n,t+-2e—2¢)) [2]
+ m, _%__ 2 (sm@ 4 ¢ +e ) (bso+bs,0) + :}——?— —‘-l— e+e2) bse
— '3_11 2 (e+e?) 63,4} cos (3nt—3nt—3e—3¢) [3]
A 3 3.3
+m, { .._al_zé + _2%71 (st 5T —5— ¢ +e )(63,3+bs,5) + ___i(e9+e,9)63,3
_ g__g_‘" (e2+¢2) b5 } cos (4nt—4n,t+4e—4s)) [4]

The coefficient of cos (= — =), Argument 41,

a 3.6 (a4 a?) 3.7 atap

=m -:ras 0= gaatuet g gr 4bio—g 1.5 g b
3 (a4 a) 3 a%ap
_Q.—‘i———j—b—l;—‘——aa,b:-,,g—m -—(Z,'—bm}ee,
9 a a 3 6a (a9+a 2) a
=m,{—~‘1—;;§b3, Sa2 2 +3272 da? { = b0 — albs.l
3 a (a9+ia 2)
——S‘a—‘; _"d“a‘L"bs,@ 5. bs, }+l6a3{ 65,3}}

9 a 3 a 2.3 a
_m,{— 1 ag bs,0 8a9 by,q + 4agbs,o 8;’663,24‘ 8 agbse

—ml4 196 2

So that the part of R which is independent of n¢, n,¢

b, a ' e 4 ef a
=m,{ a2+2a2(sn92' 4")63,l+m63.9ee,cos(w—w,)}

b . e 2 . 2 2
=m,{—-—1ﬁ9——g—;(sm2—"—— g -:e‘)bs,,— &bs,o—a—i-%‘-?bs,,}ee,cos (w-—w,)}

a 2aq 2 2ap
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In the general case, when 4, s, are the inclinations of the orbits of the planets
P and P, to any plane, the direction of which is arbitrary,
cos 4 = coé 1, COS Iy + sin g, sin i, cos‘(vl —¥,)

sin® b b —cosi coss, — sin'y,; sin i, cos (v, — vo)
2T 2

The part of R which is independent of » ¢, n,¢

b +te
=m‘{ 10+4a {l—coshcostg—smtlsmtgcos(ul Vo) — -*2' : }63.1
l .

3a a4 a
2agbso— (—-—2——%3‘)63,1}ee,cos (w—w,)}

1 1 . tan
cos;:__._._.__..,:l_..tan%‘ sin § = — S :
V1 + tan®s = = Vit =tens nearly.

b a , ‘ ;
- m,{.__ %J +3 af { (tan%s; 4 tan?y, — 2 tans, tan s, cos (v, — ¥y ) ‘= €% — e}a} by,

@+ a?) v
- 2mgbj, ,( 2%31)bs’l}_eelcos(w—wl)}

b0 a y niosiny "6
—_ m,{ —— a7 { (tans, cosy; — tani, cosv,)? 4 (tan s, siny; — tan, sin 1,)% — eQ-—‘eﬁ} by,

3a a? + af) )
-2 a‘a'z"s.o - ( 9 aﬁl bs,l} ee, cos (@ f‘w,)}

and if tanssiny=p, tan: cosr=g, this quantity

b a
=m,{— -;;7" +3 af{ (P —P)*+ (91— g)* — e — e,"} by,

2 2
- Q:i_‘ZQbs,o_ 2‘2;*-;7;1"‘53,1} ee cos (w _.@-l)}
which evidently agrees with the result given by M. de PonTEcourant, Théor.
Anal. vol. i. p. 363. All the other coefficients of terms multiplied by the
squares and products of the eccentricities are susceptible of reductions similar
to those in the two preceding pages, and finally;

b, a | e? 4+ e?
R:m‘{—-{?‘g-l-m(sm%—é‘—_ 4 l)bs.l}_ [O]
2 b
+m, { —(—:—2 (cos?-—%- — f——if'—) —-‘—;"—l -+ a 281112 - (by 3,0- + 3 53,2)
2 (e+e’)(4b50 46,2)}cos(nt—n,t+s—e,) [l]

al
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6 D
o, { =22 4 st (s o+ Bi) evelopment
‘T(e +e;)(5b“ 7633)}cos @2nt—2nt+ 28— 2¢) [2]

. b .
+ ’”l_{ - —';L% + %251“2% (Bs,e + 8s,)

0 @ +e,)(86”_10534)}cos(3nt_3n,t+3e-3e,) [3]
+ml{—_+2aesm I} (bs,s + by,5)
+::Q(e + 6D (118, 135,:) } cos (4t — dn ¢ + 46 —4e) [4]

b b
+m, { - -‘-l‘-:—5 + 2—%‘2sm97' (03,4 + bs.6)

+5‘%L¢”_'*8'e_19)(x463,4—1659,6)}c0s (Gnt,— 5t +58—5¢) [5]

]
3a 3a, = a a »

+m:{_m+mbs’°_ﬂ71’w—mb” ecos (mt + e —m) (6] [16]*
2

+m,{—;:-l‘-363,0+2a—al—gbs,1 ecos (nt 4 £ — @) (7] [15]

a? 3 a
+m/{2aT;2_§2—aﬁbs.o—_2~—aﬁbs,l +71_€?‘63,2 ecos (2nt—mnt+2s—¢ — @) [8] [20]
2
+ml,{—4-a—‘_ll—gbﬂl 222 se + 4 633 ecos(3nt—-2n,t+3e-—25,—w) [9] [21]

a® a
+m,{—lrfl‘l—l-gbs,g _2_‘1;—363’3 + 2—563,4 ecos(4nt —3nt+4e— 3¢ — @) [IO] [22]

+m,{ 4a26“ 2‘1563,4-!,-4‘12635 ecos(bnt—4nt+ 58 —4de — w) [11] [23]

’ 3 2 =7
+ m, .i_a—‘jéb?ﬂ_z_a&‘_’bs 4a9633 ecos (nt—2nt4+¢—2¢ + w) [12] [17]
3 2 !
+1n,{ﬁgbm—(;—a—gbs,s—a—‘;—ﬂbs,4 ecos (2nt—3nt+2e—3¢ + w) [13] [18]
+m,{3“b 63,4—410‘263,5 ecos(3nt—A4nt+ 3e—4s + @) [14] [19]
2
+m,{—z—:§ba’o+2 5 “}e,cos(n,t+e,——w,) [156] [7]

# These numbers indicate the arguments which are symmetrical with regard to n¢ and =,z
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' : 3a a? a ‘
Develpren + m{ gt ggabos = mbsﬂ 008 (nt o+ ¢ — ) [16] [6]
. .
+ m, 3‘263',—;;7 } ecos(2nt—nt+2s—¢—m) [17J [12]
1
2
+m/{ 3‘;’1),2 2";5 - } cos (3nt—2mt+3e—2¢ —w,) [18] [13]
(
2
+m, 3“6’3 2“a334 } ecos(dnt—3nt+4s—38¢ —m) [19] [14]
a a a2 .
+m‘{‘2-a,‘e—2‘—wb“”°_’27‘z'sl’3»l+4aﬂb"' e cos(nt—2nt+e—2¢+m) [20] [8]
2
+m/{_4_ag_263,1 2“ b”-}- 6 }e,cos(2nt——3n,t+2:—3s,+w,) [21] [9]
( I ' )
2
+m1{"‘4‘%36 za b33+ 63,4}e,cos(3nt—4n,t+3e—4s,+zzr,) [22] [lO]
(]
a a? 3a
5a a?
+m, {_ —S_Eéba" + %7363,2} e2cos (2nt + 2¢ — 2 @) [24] [59]
a a a ;- :
+ m, {S_a;Q— %763'0_ Wba,g etcos (nt +nt+ e+ g —2w) [25] [58]
! agb 3 a ' o 2
T 3’°+§E—56”" e2cos (2nt+4 2 —2w) [26] [57]
(]
3a 3a 17 a
+ m, Ts‘a_,—g_—gﬁ?ba. bs, 1 1642 sa}e008(3”"‘”1""'35—51"2’”) (27] [63]

3 a2 13
+ml{_z%eba"__gg?bm_i__S_aijizbs,s}egcos(4ntf2n,t+ 4e—2¢ —2m) [28] [64]

2
+ml{ 156:2532 g‘abs,a‘*'?gabu}eecos(”:'nt_sn’t"'55_35’_2w) [29] [65]
e O AR B CUC
7 a 53a "
+m, _Ez_gb“__g, 5 M.;. etcos (7nt—bmt+ 7 —5e —2m) [31] [67]
i

+‘ml{_]~g_’ 32+a3 33+16 2b3:4 elcos (nt—3nt+e—3¢ + 2m) [32] [60]

+m,{———ab33+ 3.4+___-§bs’5}e‘lcos(2nt—-4n,t+2s-—4é,.+2@') [33] [61]
a
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+ m, { :‘;’(73 3,4 + 2 b3 AT —;bs,e} ecos(3nt—bnt+8e~5¢ +2m)  [34] [62] Development

oy bg,,eelcos(nt-—n,t+£—5;—w+wl) [35]
+m"{£§_&%b3’° +§;—263,Q}ee,cos(2nt-—2n,t+ 2 —2¢— @+ @) [36]
—-m;{%—‘%ba,x _Sa bss}ee,cog(3nt—3n,t+35—-35,-—'w+w,) [37]
_ml{%%bs,g—%%b3,4 eecos (Ant—4dnt+4s —4s —w+w) [38]
—m, %?1%2 3’3_%%’b3,5}ee,cos(5nt—5n,t+52-—5!,'—’w-l-w‘,) [39]
__ml{2é%b“—%‘%ba,ﬁ}ee,cos(ﬁnt—ﬁn,t+55—651‘@""’74) [40]
+m, le_g by o ee,cos (@ —m,) [41]
—m, _‘?8’_5563,1--g—-b%bs,a}ee,cos(nt—n,t+s—-E,+w-w,) [42]
—m, %—‘%632—&%63,4 ee,cos (2nt—2m ¢+ 26 — 25, + m— ) [43]
m %2;%63’3 %%5,5}ee,cos(3nt-—3n,t+3e—3s,+w—w,) [44]
—m, %&‘%534 .ZT_JJ” cecos (4nt—dnt+4s—4¢ + 7 — ) [45]
+m! _3_‘:_,_.1_1;3,1—E’-%bs,g}ee,cos(Zn,t+2s,-—w——ﬂ,) [46] [48_]
a, a, 4 q,
+m: bs,,ée,cos(nt+n,t+5+8,—ﬁ‘-ﬁﬂ) [47]
-g.nz‘{%.lzs,1 %%b }ee,cos(?nt+2s-—w @) [48] [46]

eecos(Bnt—mnt+3e—¢ —w—m) [49] [53]

2
al

21 a 2 3 a
+m,{~8-£§ba,x— 5, by,0 — —S—bs,s}
15 a 3
+m,{z‘iﬁbs,r7;, 53,4}ee.cos(4nt—2n,t+4e—2~l-w—w> (50] [54]
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of R

34

39 a 4
+m‘{—8_t?b"’3~ 3;53,4—

MR. LUBBOCK’S RESEARCHES

]
3 a

2
4 a

_§_~a_“.563,5}ee,cos (5nt=3nt+5¢6—3¢—w—1w)
1

+m,{ 6 20, — .a5_b,,5 bs,c}ee,oos((int—&in,t-l- 6¢—de,—w—1m)
. (] (]

+ m;{%l‘%bs.l “g‘;a';bs.fs "g—":gbs.s}ee:cos (nt—3mt4s—35+w+m)

+ m, Ef—b,, 3:3 by,s — 6,,4}ee,cos(2nt—4n,t+2(—4:,+w+w,)
i
2
+ m, 389:9b"° 4“363,4 % 2 b, 5}ee,cos(3nt—5n,t+3¢---5s,—w+w,)
a Sa® 3 a :
+m,{ 6 Bb,,,—-;.bs, —-Z-—abs,s}ee,cos@nt—ﬁn,t+4:-6:,—-w+w,)
| 3

+m,{-— %-b,,o + % afs-ab,,, etcos (2n,t 4 2¢ —2m)

+ml{eag S‘ZQbS.O 16a QbS, }elgcos(n‘+”l‘+’+‘l—2w4)

+m, Lt s ! s Jercos(@nt+2e—2a)

1
+m‘{ :g sbos + o b"’+16 aba:}°13°°3(3”‘—ﬂ;t+3n—t,-2w;)

+m, s+ 5 363,4+

-1 ag b, 23bs }e,cos(4nt-—2n,t+45-—2:,-—21::,)

+ml{ 7 a b3,4+ 2 b.’,a+ 2bs’o}elﬁcos5nt__3nlt+5c—3"—2w‘)
I

3 a

—

—59%,0
8 gq,

1
-'Elb""" 17 a b

3 bty 13 a b“}e, cos(2nt—4nt+ 2e— 48+ 2a)

263’3 +35 [

63,4+ 11 a

[51] [55]
[52] [56]

[53] [49]
(4] [50]
[55] [51]
[56] [52]

[57] [26]
[58] [25]
[59] [24]
[60] [32]
[61] [33]
[62] [34]

5,2 }elecog(nt—3n,t+ ¢—35+2w) [63] [27]

[64] 28]

-—bs.4}e. cos@nt—5mt+3e—5¢6+2a3) [65] [29]

Tasbos pefos@nt—6mt+4e—66+2a) [66] [30]
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+m,{—l-76a—a‘—gbs,4— 363,5+53 absﬁ}eﬁcos (Gnt—7nt+5e—7¢+2m) [67] [31] Dev::oizgxent

+m,{-‘;"?-£§63,0 sin‘léi(nt+n,t+e+£,—2y,) [68]

-—-’."’2_'(_1% 3,,sin‘2%cos(2n,t+22,—-27,) [69]
fg_;{f—b ,sin“_‘z‘_ cos(2nt+ 28 —2v)) [70]

— 8 g sin® Ycos(nt 4 3ut+e—3e4+2y) [71]
2 ap > 5 { i i

—-"_;‘(-I%ba,gsin‘l_é'—cos Bnt—nt43e—¢g—2v) [72:[

—" % p o sint tlcos (2nt —4nt+ 2 —4g + 2v) [73]
9 alg 3,3 2 ( 1 1

—™ " p sin®tcos(dnt—2nt+ds—2¢—2v) [74]
2 a4, 3 2 ! . ! !

In the lunar theory, the small value of the quantity % makes it desirable to
i

ordain the results according to powers of this quantity. Transforming there-
fore the preceding expression for R by means of the equations given in the
former part of this paper, Phil. Trans. for 1830, p. 346, neglecting terms mul-

tiplied by 5;%_.,, and supposing +, = 0,

_ 1 a® 3 (ot _(e2+¢? aQ}
Rem {~ 4 (1 +ig) + 3 (g - S50 (o]
b_(e+eN\e @ : 33 aEZ
=+ m, {(cosQA2 __2—‘_) = &-‘—5(1 )+sm‘4 (l
2 2 3 2
+(e +e;)a‘f (l—fg—F)}cos(nt—n,t+e—s,) [1]

3a , 3 ta® lo »
+m,{ 4 ;‘3+ 3 5 sin - a, (e’+e,‘1)—}cos(2nt—-2n,t+2:—25,) [2]

5@ 15 1 15, Qaa} _
+m,{ ~§57+881n?a,‘+7(e +e‘)¢'z‘—4 cos(Bnt—3nt+3e—3¢) [3]

r2
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Development 15 a
of R accord- + m,_l.B—_ecos i+ & — =) [6]
ing to powers
Of};,a“ +"_;_L&‘%ecos(nt+e-—,w) (7]
i
+m ‘16 ,ecos(2nt—n,t+2s—-e,—w), [8]
3 a®
;_m_z_ecos(3nt—2n,t+ 3g~2¢ —w) [9]
—m 15 ¢ ecos(4 t—3 4
16 47 nt—3ntd4dewm 3 —w) [10]
+m,3 ecos(nt—2n,t+e-—2s,+m) [12]
a’
+m,].65‘-zecos(2nt—3n,t+ 2¢ =3¢+ ) [13]
—m l+—3-f}ecos(7zt+e—w)
i a, TG i i i [15]
3 a
-m.é._e,cos(nt+s — @) [16]
+m, 8—-e,cos(2nt—n,t+25-e,-w,) [17]
- .
+m,_s.a‘;e,cos(3nt—2n,t+3s—2z—:,-—w,) [18]
—m, 2 @ g cos (nt —2nt i
8 an —2nt+e—2¢ +w) [20]
21 a®
—m% _e,cos(2nt—3n,t+25—3s, + @) [21]
25
—mg a—e,cos(3nt—4n,t+3s-—4s,+w,) [22]
m 15a® , 2
_ ,E_——e cos (2nt + 2¢, — 2 @) [24]
-m33 ec
/54 @ os (nt+ mt+ ¢ — 2) [25]
+ 2% ercos(2
§ o ecos(2nt+ 2¢ — 2w) [26]

+m,--—-e2cos(3nt—n,t+35—5,—2w) [27]
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—m,§——e9cos(4nt—2n,t +4s—2¢—2m)

4 a
gia ecos(bnt—3nt+5:—3¢ —2w)
-m,26845 g—-e“cos(nt—an,t+e—3s,+ 2@)

+m,%-%ee,cos(nt—n,ti-s—s,—w+w,)
S @ t—2nt+2e—2
+m,-1—6a;ee,cos(2n -2nt+2e—2¢ —w+ @)

—m,281 L eecos(Bnt—3nmt+3e—3s— v+ )

+ m,lT% —ee,c08 (w —m,)

2
—m,—g— Z—ﬂee,cos (nt—nt+e—e +w—=m)

—m,‘llg 9—ee,cos(2nt—-2n,t+25— 2¢+w@—m)

+ m,?%-—ee,cos(2n,t+ 2¢—w—w)

2
+m,-§- g—‘—see,cos(nt+ nt+e+e—w—am)
3 a
+m— —eecos(2nt+ 2 =w—m)
16 a*
3 a®
+m ;aee,cos(Snt-n,t+3s-—e,—m—w,)
i

+m,%%9—ee,cos(4nt—2n,t+4e—2s, —-—w—w)

+m,‘§’ﬁ-ee,cos(nt—3n,t+e—33,+m+w,)
225 a3 :
+m=22cecos (2nt—4dnt+ 2 —4de + 7@+ 7)

16 a 4

37

Development
[28] of R accord-
ing to powers

[20] of 2.
[32]
(35]
[36]
(37]
[41]
[42]
[43]

[46]
[47]
[48]
[49]
[50]

[53]
[54]
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Development 1 ag} °
of R accord- +m @ Sl cos(2mt + 26— 2m) [57]
ing to powers 33 g8
of%‘. Mg gp tcos(nt+nt+ et —2w) [58]
5
—m,a“—:l—‘e,gcos(:int—n,t+3s—e,-2w,) [60:[
-m,!;;ﬁie,ﬂcos(nt-3n,t+a-3s,+2w,) [63]
—m,%gseﬁcos(z'n—«;n,u 28 —de, +2a) [64]
635 a* , .
—m,-ﬁ_.-—e, cos(3nt—b5nt+38—5¢+ 2w} [65]
—m ig—sxng-’—cos(nt+nt+s+s—2v) 5
l4 2 (] (] [7 J
—m §-—a—sm9-'-cos(2nt+2s—-2v) 76
'2 q 2 [76]
—m,_g.. a_.s1n9~cos 2n,t+ 25 —2v) [77]
—m Ef—sanLcos(3nt—nt+3E—E—27) 78
'8 q 2 ! ! (78]
_m/l_85_ﬁ_ smﬁ.—cos(nt-—3n,t+s-3£,+27) [79]

If according to the notation of M. Damoiseav, (Théorie Lunaire, p. 547, Mé-
moires des Savans }'Btra.ngers,) nt—mnt-+4e¢—s¢=1t,and 2 and = be putfor the
mean anomalies of m and m, respectively and y for the distance of the planet
m from its node, or, what is the same in the Lunar Theory, the distance of the
moon from her node reckoned on the ecliptic (4, = 0),

“ L) 43 (st — £+ D)
R=m,{ a‘(l+4aﬁ)+~2—(sm2 3

[0l
+ {(cose y _ (e + (e +¢?) 2 ( + ) + sm‘z- e +33 a®
8 ap
(e+e¢2) a 3a i a? a?
+__2_l-)5:_2(1 )}cost-}-{ -i-- m92—- —«(9+e,2)5‘-3-}cos2t

(2]
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39

_5 @ 15y ot & 15 e aeo _‘ff} L -
+{ 8a,‘+85m 7 4(e +e,)a“ cos3t+16 5 Cos (¢ — )
£3] (6]
+2a ecos +————ecost+z)—%-;—ecos(2t+x) —sf.iecos(3t+x)
g q
71 (8] [9] [10]
+25-ecos(2t—~x)+f1_5_i’—ecos(3t-z) L f e,cosz
q, l8 !
[12] [13] [15]
3 & 3 a? 5 a?
-3 l-z-l—‘e,cos (t+2)+ _S-E‘-ée,cos 2t+2) + 8 -&‘—,e,cos(3t+z)
[16] (7] [18]
9 al 25 a
——S-EF os(t—z)—g-a‘—e,cos(m %) §*Te,cos(3t—z)
[20] [21] [22]
-—1825_ egcos(Zt—2x)--§§-f—egcos(t-~2x) +————e’*c052z
' (24] - = 6
+..._.e2cos(t+21)— ———egcos(2t+2x) 75 @ — etcos (3t 4 27)
o [27] (28] w [29]
285a 3 2 ¢
- 51 a ecos( t— a:)+4 3ee,cos(z—-z)+l6a.ee,cos( —2z2+42)
[32] [35] [36]
27 a® 15 a3 9 a®
__-8—-—‘3 ecos (2t —z +2) + -ﬂi—z‘—.ee,cos (t+2—2) -3 -dFee,cos(2t+z-z)
[37] [41] [42]
3 a
16 4ee,cos (3t+z—-—x)+ 16 ,ee,cos(t-—z—-—x) +7 2z ee,cos(ac+z)
q l
[43] [46] [47]
3
+ 1‘637 eecos (t + 2z + ) + 8 ‘see,cos(2t+z+x)+ 6 a‘,ee,cos(3t+z+x)
[48] [49] [50]
63 a® 225 9 a°
+§;l-“3ee,cos(2t—z—x) 16 a ,ee,cos(3t-z—-‘c)+ {—--ga?}eﬁcosZz
(53] [54] [57]
159 a
Sﬁi ‘e, cos (t + 22)— 64 .e, cos (3t+22) — 7 a,e, cos (t = 2 z)
L [60] [63]
51 a® 635 a3 9 a
——g&-aeﬁ(Zt—2z)—6—— sefcos (38 =2z) — -—-—jsmg—fcos(t-—2y)

[64] o [65] ' [75]

Development
of R accord-
ing to powers

of —go
ﬂ.'
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2 | 3 a2 |, 15 a3
—%%gm‘l-;—cowy——ggﬁsxng—%cos(Qt—Qy)-—§Z—licos(i+2y)
[76] [77] (78]
15 a® .
-—Ség‘,smg—‘gcos (3t-—2y)}
i
[79]

Let%=l+ec0s('n(l+k)t+£—-w> + e (1 4 7,5) cos (2n(1+k9)t+2s—2m)

+eﬁr59cos(2n(l +k)t+ 26— 2w,) +r,+rcos(nt+ntte—e)

+rcos(2nt—2nt+ 28— 2¢) + &c. 4 ergcos (nt + & — w) + &e.

2w, @ dRY _
gde 7+7+%/£1R+T(717) =0

Leto. —i— denote that part of ;1; which depends on the first power of the dis-
turbing force. It is more simple to obtain 3. ;— from the above differential equa-

tion than 07; and the circumstance that the elliptic value of 3 does not contain
any term e? cos (2n¢ -+ 2¢ — 2 =), gives an additional facility.

&8, L
r 1 (dRY\ _

When the disturbing force is neglected

r3=a9{1 +3e2(1 + —]e—;—)-—3e(l + —g-e%)cos(nt+z——w)—i8”—e‘ cos(Znt+ 2 —2w)
+f81cos(3nt+3s-—3w) + -gcos(4nt+4s—4w)}

Integrating the above differential equation by the method of indeterminate
co-efficients, ¢ being the co-efficient of the nth argument in the development of

2/dR+r(%§),
—r0+%aqo=0
—n)2 2
= nenl) {(]+3eg)"'1—§ée—(76+7‘s)}_"1+%a‘11=0

2n —2n)®
ne

{(] + 3¢ 7'2—?‘29?‘(7’9‘1"719)}""’2"’%“?2:0
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3n=—3n,)2 3e? Equations
(—n—ﬁéil)— { 1+3e)r;— —;— (1o + "'13)} -7+ %a% =0 wgilch serve
) to determine
4n—4 3e? m th fhi-
(g a s = TR Gt =ik Bag o et the
inequalities of

the reciprocal
of the radius
vector.

CR=81 1457,y Mg =0
n? {rﬁ___r,} -1 + __aqs_O
e

*@.;T’ﬁz-{rs—_ }—rs /aqs—O
—2n)? 3
@_n_ﬁ_.ﬂ{rg—?rg}—-rgq-%aqg:o

_ 2
@n—3n)° {7’10— _?2’_ rs} — 70+ ’aqlo_O

ne

2
____________(51&—4”,) {"'11_% 7‘4} —Tu+ %‘19:1 =0

n2

@____._2_71'_)_ {rQ—.—rQ} —re+ ’aqm:O

- 2 3
(Zn—3m) {7'13—‘2""3} _"'13+%WI!3Y=0

n2

- 2 3

n2 m _
Lrs—1ri+ —agq;; =0
n *

2n—mn)?

m
Tyy—7Ty+—tagq,=0
por 7 1F

— 2
(—?in—-f-ﬂz—"xs— 738 + %‘L‘la‘he =0

(4n —3n)?

m .
2 Tig=Ty+—ag,=0
n g

_ P .

(—L;lyg—reo_"m*'%a%o"o
_ 3

MTal—'Tm‘f'%a‘Iel:O

n? !

(Bn—4mn)°

m
) Too—Tog F—'a ¢y =0
n ®

* For the determination of the quantity %, see p. 50.
MDCCCXXXI. G
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Equations (4n—5n)*

m
which serve T T T + *[z‘aﬁs =0
to determine
the coeffi- 4np
cients of the an {T%"‘ "’"12}' — Tt — p-l Ay =0
mequalltles of
the reciprocal n 4 n)2 3 m
of the rgdlus ( n2 i Tas -3 7'6} — Ty + F‘laq% =0
vector.
Bn—n)°

3 ) m, _
e {1'27—"2‘78}"727‘*‘;'“‘127—0

4n —2n)? 3
(4n = nl) {TQ8—~2—1‘9}—TQS +%aqgs=0

5n—3n)? 3
L*;ri {”%"i’"w} ‘%+%an9=0

6n—4n)° 3
el {T3°"’2“"‘} T+ g =0

(7n—b5n)°

m
Ty — 75+ —agy =0
n? o s * o1

(n—3m)*

ne

(2n—4n)® {
nQ

{’”32— g—"ls} — Tyt '%a%e =0

3
Tyg — §r”} — 7y + %a%ﬂ:&

(3n—5mn)2
ne

(n—ﬂ,) { ..._.rb} -—1'35-}—%(1(]35:0

(2n=2n)2
por)

(3n—3n)° 3 m

"*‘h‘TL“ Tap— o Toy ¢ — T3y + T;a‘br—o

2
4n-q
u"‘"—‘ﬁ!)— {"'ss— —“792} T35 + la‘hs =0

(bn—>5mn)°
n2

(6n—6n)*
ne |

T34 — T34 + ;“?34— 0

3
{"’ss— 5 7'90} — Ty + %“‘Isa =0

3 7
{7"39""—2—"%} — T30+ —6:—‘“939= ¢

m
Tyo—Tyo+ —Laqyuy=0
0 40 H' 40
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2n—2n)° 3.1 ™, =
g—-—;;—-——'-—{ﬂs —?713} Ty3 +F“943"'O

— 2
_.__.._(3” ngsn‘) {7'44— %7‘19} —7'44+% agu=0
(4n—4n,)'{745 —7'45+7_£!aq45=0

n2

ﬂ-n’—g{ﬂs— %"'20}—7'46‘1"%' 4qs=0

n?

(n -;gn,)Q{r”__grw}_,.ﬂ_‘_”_: gy, =0
(3n—3n)® _3 }_ m =
"‘—'—;‘fz——‘_ T4o 27’17 Tyg = H’-“qh 0

(4n —2n)? _3 }__ Mg =0
____72__/__ 750 3 T 750 + m 29

o . 3 m _
(_5_71’_;55_75’-)- {7'51—'2—7'19} — 75+ '{:‘aq“ =0
M{T52_752+ﬂ’aq59=0

ne [
M{r”—%"g]} — 753+ %aqﬁ:O

n?

2n —-47&,)9{754 _ ?.'r%} — 7+ @aqM:O
n 2 o4

: m
Qﬁ:i;ﬁ{rss_%rm} _7'55+’{;Ia755=0

4n—6n)* "ggs=0
Traﬁ 7'55'!" M aq:rﬁ

n
Bn—mn) m =0
por 4 Ts T60 + 7 a 950

— 2 .
(é_n___f_ni)v Tor — 761 + Loage =
n v )

(5n—3n)*°
T

m
7'69—7'59‘1" —Lags=
n [

(n—8n)?
L

m
Tes = Tes + — @ Qo =
n %

G2

43

Equations
which serve
to determine
the coeffi-
cients of the
inequalities of
the reciprocal
of the radius
vector,
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Equations 2n—A4n)®°
wgich serve "‘_n—e‘“"‘ Toe = Tos + F" ags =0
to determine
the coeffi- (8n=—5n)% =
cients of the T Tes p" ags =10
inequalities of
the reciprocal (4n—6n,)2
of the radius - -—‘7,,_‘_' 6 — 7eo + Pja%s—o
vector,
(5n—7n)2 m _
—’__11'5__"767 — e+ -{;!‘1967 =0
2
(—n'%,,—”i Tes — Tss + %‘-09%:0

In order to obtain the values of the coefficients of the inequalities from these
equations when the cubes of the eccentricities are neglected, as has been the
case throughout, the values of r, ry, ry, 75, 4, 75, found from the first six equa-
tions by neglecting the terms multiplied by €2, may be substituted in the suc-
ceeding equations, which will then serve to determine rg, 7g, 7y, &c. and these
values of rg, rg, 7y, &C. being substituted in the terms multiplied by €2, of the
equations which determine ry, ry, 15, 7y, &c. more accurate values of those quan-
tities may be obtained. All the other coefficients of which the general sym-
bol is r with a numerical index at foot, may then be obtained in succession
without any difficulty.

1 1 R
S v
a® __ e 3 4 3e? _ 5e? 2 . 9
-F...l+-2—+—§e +2e(l+-—8— cos (nt w)+—2~<l+]5e>cos(2nt 2w)

+ 143e°cos(3nt—3w) + l—%e’cos (4nt —4w)

_‘:-=l +e(l —_—-)cos(nt—w)+e9(l ———)cos(2nt—-2w)

4

+%escos(3nt;3w)+_3_e4cos(4nt—4w)
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Let R, denote the coefficient of the cosine in the development of R which
corresponds to the number » multiplied by e or e, &c. Thus
- 3a, 3a a? a
R,= a9+2a96 32 36 Hﬁbm} See p. 31
dR dR dR _ . . . . .
Since g5 = 7,» . being the differential of R with respect to ¢, consider-

ing ¢ — » and¢ — v constant

A=n {]+2ro}t+e

{2 {n (- 9) rgern}-2{(1+5) a2 fennr S2ER}]

n .
(n_n‘)sm(nt—n,t+s—51)
R,n 2e?aRyn | 2e2aRyn
+{2{r(1—-—fﬁ)+ejr+r } (l+ e\ a + o 12 }
? 2 g o+ ) 2)(n—n) (Bn—2nm) (n—2n)
n .
-ms1n(2nt—2n,t+2s—2£,)

) 2 2 2a R
9 A Y }_ {(] aR,n 3eaRlon 3etaR;;n
+{ {r"( 2>+2(r’°+'“’) tg (n—n,) tan—3n) T @az3n)
"
(3n—3n)

A (-8l - {0+ )iy o+ 52} |

n

sin( 3nt—3n,t+3:—3¢)

sin(4nt—4nt+4e—4eg)

(dn—4n)
_aRgn eaR,n e

+{ ( n, +(n""1) } sin (n,t + ¢, — @)

_l_n_' aRyn aRn ne . _ .
+{ ( (2"—")+("~m) }(n_n)sm(mzt nt+2e—e —m)

_m, 2¢R.n aR,n ne . ‘e B B
+{ ( Brn—2n) (n—mn) }(3n—2n,)sm(3n 2nt+3e—2¢—m)

m’l 3aR,n aR;n ne . Bt e ge

+{ (7'10+ @n—3m) T a=n) }(4n_3n‘)sm(4nt nt+4e — 3¢, — w)
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Expression . .
for the longi- +{ 2 (r,,+ Ts m [ daR,n aRyn } "€ __ sin (bnt—4nt+bhe—4e—m)

tude. 2) wlGrn—dn) m—n)] [Gn—4n)

2a¢R,,n aR,n ne .
+{2 r 4 2) =2 12 2 } sin(nt—2n,t+c—2¢ + @)
2T 2) T v Ww=—2n) " w—n)S [Tn=2n) ‘ !

.

+{2(r,3+_;_8)_.?’: 3aByn , aRyn } me___ sin(2nt—3n,t+ 2e— 3¢+ )

p L@n—=3n) @m—mn)S | (2n—3n)

nYy_m /[ 4aRun aR,n ne ; t—dn t _
+{2(r}4+2 ‘“{(3”_4"‘)_}.(”_”’) (Sn-4n‘)sm(3n , mt4 3e—4e+w)

ne .
+ 2 r,,—!sin (n, t + & — =)
n
i

2ma R, n ne . _ .
+{2?‘17— w@n—n) (2n-—-n‘)sm(2nt nt+2e—¢ —m)

__ 3maRyn ne, . _ .
+{2r,8 b Grn—2n) (sn_2n1)sm(3nt 2n,t 43¢ —2¢ —w)

__4aRyn ne, : _a. _ _
+{2r19 pdn—3n) (4n_3nl)sm(4nt 3n;t+4e— 3¢ D)

_ maRyn ne, . —2nt —9
+{21m pn=2n) (n—2n,)sm(nt n,t+ e g + @)

. 2m,a Ry, n ne, : —3n,t+2—2
+{27" k(21 —3n) (2n—3n,)s’“(2nt mt+2e—2¢+ )

_ 3m,aR.nn} ne in(3nt—4nt+3s—4
+{27‘g2 p@n—4n) (3n—4n,)sln( n mt+ &+ @)

4m aR n ne .
27y — Lhindie ) i dnt —5nt—4e—5¢+w
+ { Tes pdn—>5n)) (4n—=>5mn) sin { ! ! )

+ 2(rg4+"—9)'i"—{“R@4”+2“R19” ne Gin(2n,t + 26 —27)
2) m, (n—2n) n;

2 To o ny_mJ aRyn _aRsn 5aR,n }ﬁffsin nt 4 ntte -2
+{ (T9.5+ ) + 3 (n+n‘) n +4(n_nl) n, ( + ttet g )

g 1 Ry, m aR;n 5aR,n
+4 2(r +2*.+_’l)__ﬂﬂ{ o iy I ! }
{ 7Ty T w LBn—n) + (2n—n)  4(n—n)

n e

msm (3nt-—n,t+35—-‘s,-2w)
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Ty, ToY_m[ 2aRyn 2a R,n 5aR,n } Expression
+ { (7‘23+ + 2 @ (4n—2n,) + (3”—271,') 4(n—n) i‘(l);]:he longx-

(‘Tﬁ% sin(dnt—2nt+4e—2¢ —2w)

{2 (orp3)- 2 { BB et e} )
(_M_"_f%msin (brt—3nt+5e—3¢~—2m)

+{ 2 (”ao+ g + . { (64naf82:l) + (54:1{1:1:‘;,) + 45(: §47:)} }
m__n’i_ﬁzmsin (6nt—4nt+ 6e—4z—2 )

T3y T\ m [ 3aRyn 3aR;;n 5aRf,n}
+{2(r”+2+2 w \=3n) T @n=3m) TaTn—n)

n e
(n—3n)

9 Ty Tay_m [ 4aRyn 4aR,n 5aR,n
+{ (r33+2+2 w (2n—4n,)+(3n—4n,)+4(n——nl)

sin(nt—3nt+e—3¢ + 2w)

ne?

sin (2nt—4nt+2e—4¢+2w)
(2n—4n) : !

Too\ _ My a Rysn aRQOn } nee, . _ %96
+ 2(7'56-{- > @n—2m) (n—‘Zn, (2n_2n1)sm(2nt 2nt+2e—2¢, wtw@,)

sin (3nt—3n,t+ 3e—35,—w+ =)

T\ _ ™ 2aRyn 2a Ry n nee
+ 2(7‘37+ B “ {(3"—3”1) 2n—3n) Bn—3n)

sin (4nt—-4n‘t+4s—4s,——w+ @)

Toy\ _ ™y 3aRyn 3aR,n } _nee
+ 2(1‘38'1' 9 M{(4zz—4n,)+(3n—4n,) (4n—4n) n)

+{2(r39+£‘~’§ m,{ 4aRsn + 4a Ryn } nee sin (bnt—bsnt+5e—bg~w + @)

(bn—>5m)  (4n—>bmn) (bn—bmn))

Tig m, 3aR,n SaRmn Mee  in(Qnt—2n tt2e—2e + m—1
+ 2("*3"'2 @n—2n) T Gr=2uy ) [@n=ay @i Entt2e=2et )

+ 2(r44+r"’ m,{ daRin + 4a R n } "Ce ___sin(3nt—3n,t+3e—3e,4+w—mw,)

Bn—3n) (4n—3mn) (3n—3n)

o Toy_m [ __aRun aRyn nee , o
+ 2(14e+2) .”'{ n, +(n—2n,) } Lsin 2nt + 2¢ — w— m))
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Expression i T\ ™ 2aR,n 2aR,n nee, .
:zn('i:helongl- +{ ("49"‘ T (3n--n,)+(2n—-n‘) (3n_nl)sm(3nt nt+3e—e —w@—m)

2 Tis m, 3aRy,n 3aR;n nee, s _ O
+{ (rw+ (4n—2n,)+(3n—2n,) (4n_2n‘)sm(4nt 2nt+4e—2e,—w—w))

To\_™ [ 4aR,n 4aR,\n nee, . _ e
+{2(r“+2) pu{(5n—3n,) (4n—3n,)} (5n_3n‘)sm(5nt 3nt+de—3¢—w—w)

+{ (r53+r21 m, 2aR;n + (2aRL“n } nee, sin (nt —3nt+e—3e,4 @+ )

(n—3n) (@2a—3n)) [(n—3n)
Too __!{ 3aR,n 3aRyn nee, : _ —4
+ { (1‘54 + 2 @n—4 n‘) Gn_dnyJ) [@n—4m) sin(2nt—4n,t+ 2 —4e, +w+ @)

4aR,n 4aRyn nee, .
2 Tey "’l 5 2 ) t—5n,t+3e—5
+{ (r55+ ) (3”_')"‘)-{-(4"_5"‘) }(3n_5nl)sm(3n 5nt+3e—be,+a+w)

m, aR58 ne?
+{2r58 p.(n+n‘) (n+n‘)sm(nt+n,t+s+e,—2'w,)

+ {27'59— m‘:R“’} e?sin (2nt 4+ 2 —2w)

3aRsn ne? .
Qg — 4 22700 ! - ——
+ { 760 o B | By sin(3nt—nt4 3e—c¢ 2w,)

m, 4aR;n e _ _ _
+{2r5l % @n—2n) (4n_21)sm(4nt 2nt+4e—2¢—2m)

+{21'652 %(55‘;%2;‘") (5nn_e;93 )sm5nt—-3n,t+5s—35,—2w,)
{ ]

_m aRyun ne? . _ _
+{2r68 w (n=3m) (n_3nl)sm(nt 3nt+e—3¢g+2w)

_m 2aRgyn ne? . _ — 449
+{2r54 i @n—dn) (Zn_l}n‘)sln@nt dnt 4 2 &{+2m)

3aR;,n ne® .
2y M 65 5 t—5nt+83:—5 2w
+{ Tes % Bn=bu) (3n_5n‘)sm(3n nit + 3¢ g+2w)

_m_daRen &’ sin(dnt— 6mt+ de— 6¢,+ 2
+{2r66 D R Y iy i (4n = Gn + 4= 6o+ 23)

+{2r7 m _5aRgn )} ne sm(5nt—7n,t+5s—-7e,+2w,)
i

bn—7n bn-—7
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In order to convert the coefficients of the inequalities of the longitude into

1296000

sexagesimal seconds, they must be multiplied by , the logarithm of which

number is 5°3144251, the corresponding logarlthm for centesimal seconds is
5:8038801.

d —_
a—§=m, {;_;_'_ B —2 3}
© {rr—2rr'cos (A= A) + 72}

If z = 0,and the products etan s, ¢ tan s, be neglected,
dR _ m,
PP tant,sm(n,t+s,—v,){l —byo—by, C08s (nt—nt+e—g) — by €08 (20t — 2t 426 —2¢) }

a’d2s
g Test Qagtan;,s1n(n,t+e,—v,){l—ZJJO by, o8 (nt=nt 4 ¢ —¢g) —&c.f=0

se=— ™ n?
T o r(m=n) (n+ ) Z?z tany, {1 —b;, of sin (it + & — ) Expression
i for the tan-
. v gent of the
+ isin ((1 +Dnt+e— v,) latitude.
n?

T S t — —
1’4 4n,(2n—2n,) ant, by sin (nt — 2mjt + e — 2¢, + )

_m n?
p2m—n)@Bn—mn)a?

tan;,b oSin 2nt—nt+ 2e —¢g,—v,)

m, n?
p2(m—3n)B8r—38n)aq

+ tam, byosin (2nt—3nt +22—3¢ + )

_m ne
p2@2n—2n)4n—2n)aq

tant, 3,950 (Bnt—2nt + 38 —2¢ —v)

+m n?
#2@n—4n)(dn—4n) g

tam, 5,4 8iN (3nt—-4n,t+3e—-4s, +7)

_my n?

y,?(dn—Sn,)(5n—3n,) tanl,szm(llnt 3nt+4eg—3¢—v)

1241 z_—-—itan:b,
( ) 2p, a? !

3a 3a . a? a
= — . — —_ .31,
R; Ta + 3 o bs,0 Sap by, fa by, (Seep.3l.)

3a 3 a a® a 3.3a° .
9% = —Q‘Z‘Q‘ + 2 Egbs,o— mbs,l - mbs,e— —2—;’3— {7‘7 5,0—-365,1}

3
3 @ { 65, 50 bb, }+‘*‘Z’{— 5,2 < %bb,l—%bm

MDCCCXXXI.
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_ 3a 3 a a? a 3 «® a
‘]6—"‘7;,’2"‘"2—‘?63,0 549 3’1—2_9' 3,2 '3{< + )b(), 2—-65’ — — b,
3a? 3 a
“——;{ba,o-%bﬁ, }"’ = {bﬁ, bﬁ,}
i
3a 3 a a? 3 a® a
= — = b b b -
za‘g’i' 2 4 950 " g5 T 4 32+ a, 3,1 a; b:}l+ bs,e
_ 3a ?L a 2 a? b, -
T 2a2 T 2 g2 T Zap T dap

The quantities of which the general symbol is ¢, and which refer to the
terms in the development of R multiplied by the eccentricities, admit of similar

reductions ; so that

a? a a
97—_'—363,0"'—-631 Gi6= = 5— b0
Q Vs ¢ Q2
a, a, 2aq

Considering only the terms in 2 f dR+r (d R), of which the arguments are
nt+c¢—w, andnt4¢— o,

2.de+1~(%§) =m;q,ecos (nt+ e — w) +m, q€c08 (nt + ¢ — =)

=m,qcos (nt + & — =)

provided
qCosw, =g, ecoSw + ¢,5€,C08 %,
1if qcos @, = q,esinw + g5, sin @,
And if
1:‘—=1+1'0-|-ecos<n(l-!-Ic)t+s—w1)+&c.
3 m,a
l kQ l— — = — — _._._’_._
(I 4 k)2 (1 =37, l+ q 0 k 5 7o Z;J.eq
m, [ &
"o=‘y:' ‘_ll_s 3,0—77363,

P =g2e*+ 2q,q95eecos (@ — )+ g5° e’

q=g;e+ gs¢cos (@m —w) nearly

"ge"—'—"’“b30+a2 3,1 T%%bs,acos(w"wl)
k=" [39%,; _3a, | &, —“gb 2@y ‘os }
p 247 3,0 4ap °’1+2a,3 30 2a2 +4aﬁ 30 = €08 (7 — )

m;, [2a® 5 a? a® e
= L9 by o —— — by + by —Lc0S (T — =)
w La 4 q 4a, e
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%Zt‘-._n(l +2r0)t+s+2(1+ro)ecos(n(l+k)t+s—wl)

~"g Rise cos(nt+ e —w))
I
and neglecting the square of the disturbing force

g;‘ n(l+2r)t+e+2(l +r0)ecos(n(1+k)t+e—w,)

- %‘aRmelcos (n(l +k)t+e —w,)
If |

e (1l + k)cosw,=(1 +r0)ecoswl—~2ﬂ‘taRwe,cosw,
e(l + k)ysinw,= (1 + 7,) esinw, — %aRme,sinw,
A=n(l+2r0)t+s2esin(n(l+k)t+s—w2)
e(1 +ry)cosw, =e(l+k)cosm, + QmTl'laRwe,cosw,
e(l+r0)sinwl=e(1+k)sinw9+;n—lLaRme,sinw,
e(l4+1) =e(l + k) {] + _..aRw_-cos(ma—'w)
coawl_coswg{l—7aR16-cos(w2— ,)}+ﬂl‘~aRlﬁ_’.cosw
smwl_.smwg{l —Q_“;aR ] cos(wz——'w,)} + m‘;aRG—smw

. m, e
sin (wy, — @) = §-La R, L cosm,
w e

therefore neglecting the square of the disturbing force

%:%{l+k—ro+%aR16%cos(w—w,)}

e m, [2a® 5 a?
=}T{l+—ﬁ‘{a,3 bs,o"‘*‘l— ""g‘bs,l 03 3,o+ }

e m, [ a® 3 a? a3 e
= .‘.1-{1 + —‘u—" {— by o — ?éﬁbs" —-vmbs,l-é‘—cos (w,—w,)} }

H 2

m, a? 3 a? a a? e
+ - {ZE’; by + mbs,o —zﬁ;lbs,x - s-a'l;bs,e} —elcos (w — wl)}
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Let

2
{1+ ml(as » bs,)}_n

n(l+k)_n{l—- ’”:2 3,1+4"Z“ J b’gcos(w—w,)}

Let ”’—n‘* thena3—a3{l+4m‘ (a,so bs,)}

e=a{l+4ml 2 by, — agbs,j)}

A=nt+s+2esin(n {] - :’M‘ZZ i+ o il “2 %L by, cos (@ — w,)} t+e-—w9)+&c

a m, [ a® a?
Z=1- 2 b, — — }
r 3u lap ™ 2aﬁb3"

m, [ a3 a? a? e .
+ e{l - _I_‘:‘{EIB bs,0 +——_12aﬁb3" —mbm ;l‘ cos (@ _wl)} }‘

m, a® m 2
°°s(“{1_ﬁb;ﬁbs""'ﬂl%%bwcos(w_W:)}t+~=---wg)
m, [ 3 a? a 2
TR T abo— 1g b —S%—l—gbm}e,cos(nt+g_w‘)

a’ 5
—3{14‘@{&‘353,0 ]2‘1 bS,+ 3,9—‘:‘—(:os(w—w,)}}
cos( {l _71?,53 by + __l_?_.__ ”cos(w—m‘,)}t+s—w9)

1 Saﬂb“ e cos(nt+ ¢ —m) + &ec.

If
—:—=1+To+6(1 +f)cos(n(l +k*)t+s—w) -+ ¢,f, cos (n(l +k,)t+s—-w,> + &ec.
A+N{A +EPQ =8r)—1} + %‘aq,:O

* This quantity & must not be confounded with the quantity & above.
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whence neglecting #2, % f, &e

3 m
b= "_r,— —Lg
2 21& q7
m

aQ
(o

-~

similarly m,
L{Q+Eyr—1}+ % =0

. a
k242K + ’-Z—" —}—l.'-qw= 0, Qs = —m by
—g_m a m, _a*

k= —2 4#)349'6"“ or [ 2z bus

A=n{l+2n}t+et 23(1("1'{3,(‘; +r°)sn(n(l+k)t+g_w)

- f ma } :
+ 2¢, 1+'k,_'2IThR‘° sin(#(1+k)t+e—= )+ &ec. nearly

If
e(l +f)(l + "o)
14k

A+NH=e(l+k—ry)

If i '.);2 o~ g%.“ R,;;=0 and if k2 be neglected
7]

fi= bs,s +——‘0R

4@1.012

Ifn(1427)=n,and n2=25

a=a{l+-§—ro}‘
=l—-.;-ro+e{l+k—%ro}cos(n(l+k)t+2—w)+e,j]cos(n(l+k,)t+s—w,)
r
_l—uro+e{l e —-.._aq,}cos(n(l-}-—-ro —'aq,)t+s— )
—34{21’:“1‘1416—%aRns}cos(”(]‘*'k;)t'*“—wl)
a

| 1 1 1, _m
l‘.=1+§ro—e{l ——ﬁ—ro—zm—L“aq,}cos(n(l - ir‘)_g"‘i'aq?)t""_w)

+e {%a%s _%n_{;‘a Rm}cos (” A +k)t+ Ei_wl)
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L:]-}-lr —e{l;l —_.Lag}cos(nt+s—W)+e{—ma —-maR cos (nt
a 370 3 7 i 916 Zp e nite—w)

—e{ 5 7o + _aq7}ntsin(nt+ s—w)—e,f%aqwntsin (nt+e—m)

In the notation of the Mécanique Céleste

_e d44© @ (@A 3¢ (dA®
7 (%1c) “91—"2- )7 ()
age=—1 L g (l) + 2a° dA +2da a4 4 A(])
Te="75 dad ”37,7)4' a
1 d4® daA“)
__2_{2aA—2aQ da ) da2 )}

1 d4M 1
R = --—-2—(1' (W) —_ A( )

_a d4® m
=3 “dT) 54

G (d A(O)) _ Za dQA(O)) dA(O))

6m,

202 (44 @ (e AON _
-3 da)__z~ daﬂ)——f

a A% ) (d A(l)) @ (@ A(l)) a AW 4274 A(U)

[ a
'§‘q16——2“RlG=— da® —

4 4 da

ad® | a2 fd AN % o3 fd2 AN
T +71’( da) 4 daz)‘”_f

a dA(O)) a? deA<°>) 3 dA<°))

2 r0+ag7_.ﬁ de 4\ da 4 da

e dA(O) (0) . b
=- 5 ()~ 1 (5 ) =~ 5=dat

d A\ oo fdeA®
—~ane——{aA— ( ) 9 da® )} '—_—“—2%2&3“

These results evidently agree With those given in the Mécanique Céleste,
vol. i. p. 279, with the exception of the sign in the value of /' marked with an
asterisk, which I think requires alteration in that work.

Finally, neglecting the quantities multiplied by #, which may be made to de-
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pend upon the secular inequalities of the constants ¢, =, &c., and the squares of
the eccentricities.

a’d a3 5 a?
;_1-}- {l«{ —bs0 — 2‘”63, {l+ {13630 l2a—}gb3,1}}cos(nt+e—w)
- _iiaiz 3,0 Z—-ba, + b”}e,cos(nt+s—w,)
]

—rcos(nt—nt+e—g) -—rgcos (2nt—2nt 4+ 2&—2¢) —rscos (3nt—3nt+43e—3e) — &c.

— {re—r,} ecos (nt + g — @) — {ry — 7.} ecos @nt—nt+ 2 —¢ — )
—{ry—r}ecos (3nt—2nt+3c—2¢ — )

—{rio—rstecos (4nt—3nt+4e—3e—m)—{r,—r}ecos(bnt—Aant+ 5e—4de—w)

—{1'12 —-—rg} ecos(nt—2nt+e—2¢+ @) — {rls -_ rs} ecos (2nt—3n;t +2:—3z 4+ w)

—{r—r.}ecos Bnt—4nt+3e—de,+m)—r5¢,008 (nt+e,—m) —7,.6,cos (nt +e—,) —&e.
The constant part of R

b,
=m,{ “1 Lo —&—F(Qm

If this quantity = — F according to the notation of the Théor. Anal. vol. i.

p- 336.
s 2a°n (d
de=(1— /1 —e)dw — ‘; ((Tg)dt

Vi—e /4
dw =
w an (d )dt

de—dw _ m, [2a° 5 a®

= e
T E/?bs’o_—4 agba,l‘l' ,a—e/—cos(w w,)}

)b“-}- ”cos(w—w)} See p. 29.

Let, as hitherto, (Phil. Trans. for 1830. p. 336.)

BT + 2
r= S — o _
peosi2{¥' 1+ s + ecos (A" — w) a{l—¢cos(v—a)}
Fig. 1.
Fig. 2,
P g
8 Sf R

AN -
N NS
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Let P be the place of the planet, P its projection on the fixed plane L N P*
(fig. 1 & 2.) SN the line of nodes, SL the line from which longitudes are
reckoned. The angle LSP' =2". Let S A be the line of apsides. (fig. 2.)

In the notation of M. de PontEcouranT, vol. i. p. 316, the angle ASN

= g,~Z =1, M. de PonricouranT has given expressions for the variations of
the constants a, g, €, , + and v in terms of the partial differences of the quan-
tity R with regard to these quantities. It is easy from these to find similar
expressions for the variations or differentials with regard to the time of the
constants a, =, e, ¢, + and ».

Let S AB be a plane cutting the plane of the orbit at right angles, so that

the angle SAB = 90°, ANB=/, BSN==#—

dre he 2[,(,+

er, v o =0
d# ' r2cosi® r

al=

r=a{l —¢cos (v—a)}

. . . s dr
When  is a maximum or minimum - =0,

t

2 ‘2
—(i«-}i——--—2ar-{-r‘Z 0, whencer—a+ f\/a_.
% €OS 42 % COS 4*

r=a(l+e)
ne

& cos ® =a(l=e)

By the equation of p. 336, line 12, (Phil. Trans. 1830.)

h -=a (l — & + e*sin?ssin® (v — w))
OS¢

¢ = ¢® {1 —sin%usin® (v — @)} ¥ = e?cos?AS B

Considering R first as a function of the quantities a, g, e, I, + and », and
then of the quantities a, =, e, ¢, s and », we have

() ()10 ()06 () orv ()2
- (e (D)o (420 () s ()00 (8

* The equation I gave, Phil. Trans. for 1830, p. 336, line 17, is not correct.
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By means of this equation, the equations
e—w=nl, e*=e{l—sin%sin®(v—=m)}

and the equatlonq givenbyM. pe PONTECOULANT, vol.i. p.328, the values of g ;’, ((li?

gi, :i, :; and ~ may be easily obtained in terms of the quantities a, =, ¢, s,

s, », and the partlal differential coefficients (d R) (d w) ( ), (E) R (ET
and (—57

Substituting in the equations of p. 40, for ¢, their values and neglecting

. 1] .
&, e?, e e, and sin? o, when @ is less than a;;

S (S e (T 0 Ve B
| Fadios vecto
+1Z,(2ﬂ—”l)"l (n—n,) a—-%61,1)+£ lT\‘v'ahena<:a,.’

‘i?_g(%ba’l_ba.o—-g—bs,g)}cos(nt—n,i+5-—E;) [1]
N %(Sn—zngg("—‘lﬂl) ("2—72”1)% .
_a_tt‘f zl_bm %1,3’]_%63’3)}cos(2nt—2n,t+25-—254) (2]

m, n® 2n _ a
+t % pw@n—3n)2n—3n) L(n—n) a

1,3

2
= (Gt Hasmbug) foos =3t 30— (2]
m, n2 2n_ a
+ L4
w Gn—4dn)Bn—4n) L(r—n) q
( bs. 33__.5535)}(’08(471,t-_4nlt+45+4£,) [4]

4™ n? 2n__ a
® (6rn—5n)dn —5n) L(n —n) aq

1,5

e %1,3,5...;1,3,4_553,6)}cos(sm-an,t+5e—-5s,) [5]
()

a?
* In the terms multiplied by ™ the quantities ¢ & a, e & e may be used indifferently.
*

MDCCCXXXI. I
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Expression n? { 3n? 3a® 3a° @ @@
he reci- — ———— + —5by o+ 5—5by, ——by, ¢ becos(nt+e—w) |6
f)(;l;zaf;fe(’gxe (m—mn)(n+mn) | 2n? n 2“1 2ap »0 20 ! dap 2 ! ! [ ]
radius vector
when a < a,., 4 n 3@”:";)%1 — 7_”_/{___4._..7_.__‘ _a_g_g__a_g.gbg'o—___.as bs, + 3a2b3’ }
Bn—n,) (n—n,) 2n @2n—mn) 202 2a¢, 2ap 4a
o 2 3 a3 3 a2
+Qﬁ——a‘g—§aa—lgbs,o+mbs,,-Z%wa}}ecos(2nt—n,t+2e—e,—-w) (8]
n? 3@Bn—2n)2 my 6n [_ @4 _ @, 3a*,
* @n—2u) (2n—2n,){ gt ® @Brn=2n) L 4dap ' 2ap T Zap *°
ad 3 a?
631+ — by 0 — ?_—gba’s ecos (Bnt—2nt+3:—2¢ — @) [9]
e} a,

n? 3(4n—3n,) , 8n e, & 3a? }
+(5n-_—3n,) (3n—3nl){ 2n2 e (4n—3n) 4u‘2b5,9 2—5,363'3-‘-5—(1?[)3’4

302 s 9
—Z%bs,ﬁ—;%;sbs.s :f”-‘—Qbﬁ}}e%wnt—3nlt+4s—3el—w> [10]
n? 3(5n—4n,) m, 107 2, a’ 3a?
+ Gn—dn) (4n—4n,){ gw T W | Gamdmy | dar T Gap o Tagatee
2 3 2
_Z_Qba’a+%g_§bs’4—% 3,5}}ecos(5nt—4n,t+59—45,—w) [11]
1 (] 1 '

n? {3(n—2n,) ﬁ,{ 2n 3agb Al S b }

T 2n,(2n—2n) 2 n? T @ =2n) lda2 ' Zap T dap P
3a® a’ a?
+ 2—-aﬁbf,,1 —a.;sbm + Q—aﬁbf,,s}}ecos (nt—2nt+c—2¢ + w) [12]

+ n? 3(@2n—3n)°2 _ m, 4n a2, @&, _ @& b }
(n—13n,) (8n—3m) 2n? ’ (2n—=3n) L4a2 ™" 2q¢p " dap

3 2
+g_§.gb3,g — 2‘%%,3 +Z—’—Z—Qbs,4}ecos @2nt—3nt+2e—3¢ + w) [13]
1 | (]
+ n? [3 (3n—4n,)Q _m 6n 3a*, _ a®, _ a }
(2n—4n) (4n—4n,)1 gz 4T w | (Bn—4n) l4a2 > 2a3 " dap™

+3 1,33_3 634-}- bala}ecos(3nt—4n,t+35-45,+w) [14]
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— m? bsle cos (nt + ¢ — @)
p (n—mn) (0 +n)2a? ‘ : ! :
n? 4n 3a® 0, @ b
p« (n—n)@Bn—n)| Cn—mn) L4a® > 2a, ** 4dap >
9 a? 2
_71_11_,_% by, + lbm—‘—1%263,3}e,cos(2nt—n,t+25—s,—w‘)
_m n? 6n 3a9b _ 23 *
w Zn—mn)(@n—2n)|Bn—2n) l4a2 > 2a, 4aQ S
__'?:ILZ 3’2+?’F“b3,3_%53’4}6,005(3nt—2n,t+35—25‘—'w,)
{ { {
_m n { 8n__ [Bat, a, _ @,
w Bn—2n) bn—23n) | (4dn—3n) L4a2 > 2a, ** 4a2 7’
_1a 2
-2 a 53’3+ 6 %63,5}e,cos(4nt-—3n,t+4e-3e,—w,)

m, n? [ 2n 20 _ @ a 3a®
il —_ % ‘
+— " 2n‘(2n-—-2n,)1(n._2n‘) g Zalg 3,0 24, 3’1+4a,‘z J,Q}
2a% , a? a
+ e +E,—%bs’° — Ebs’l} ecos(nt—2nt+e—e + w)

_m n?

w (n—3n) (3n—3n){(2n—3n,){ dap bon —

2
3ﬂ+3“6

3a9b

2
+m3 a632+3a bss}e,cos(2nt~—-3n,t+25—3£,+'w,)

n? { 2 +3agb }
p(27z—-4n,)(4n—-4n,) (3n-—4n,) 4a°” 2a, " dap

2
+%553,2—3aa533+3a 634}e,cos (Bnt—4nt+3s—4s + @)
1

—-m n? { g, +3%
w Bn—>5n)(bn—>5m) (4n-—5n1) 4ap bss = 2a, " da2™

5 a®

2 5738
2 N

4 a,

4“63’4+ 9 @ 635}e,cos(4nt—5n,t+4s—5s + @)

59

- Expression
|,15 ] for the reci-

procal of the
radius vector,
whene < a,.

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Substituting in the equations of p. 45, for R, their values and neglecting

. 13
e, ee, €2, and sin® 5,

12
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gi%ﬁfi?&i‘ A=nt+e+esin(nt+e—wm)
tude when n o @
a<, a,. +m{2rl—m -——-——-b”)}sm(nt—n,t+e-e,) [l]
+(—2-n—_71—2—m{2% ——(;n——':n—nl—) ablg sin(2nt—2nt + 2e — 2¢) [2]
+_(W§—3-;l-l-){273 @(nm—‘-—nf:j_, }sin(Snt—-3n,t+3e—35,) [3]
+—(—4—n-:_1£—4—”:3{2r‘,+M—(nﬂ_‘—_’%)—a—lb,,4}sin(4nt-—4n,t+45—-45,) [4]
;m_fg_@{wﬁp_‘mll_’%;bm sin(bnt—5nt+5e—5¢) [5]
V‘(n—n‘) ( a‘ l,l’,)}esin (mt+e—mw) [6]
a2 (0 %)~ e (far ~ gapte =2t ¥ b
fﬁ(—’f@n%ﬁs _’f__‘%bll }esin(‘znt—-n‘t+25—e,—w) [8]
tarmm (0 5) ~rmn gy (~ das " ga et faatn)
yﬁ%bm}esin(3nt—-2n,t+3£—2e,—-w) [9]

o T3\ _ 3mn 3a2
+ (4'7!—3",){2(710-'-_2_ {.c(4n—3n,)( 4aﬂb“ 2aa byt 4 bs,

m,na

+ mbm esin(4nt—3nt+ 4e — 3¢ — w) [10]
._..,__’_1’__..___. r‘! 4m[ b a’ iﬁgb )
+(5n—-4n,){2(r“+2 w(;Bn—4n) 4‘(29 3,3 2a3b +4a,"2 3,5

!’-T;ﬂ—n:;—)‘;‘b]’* esin(bnt—4nt+5s— deg,—w) [1]]

_2mn  (3ad, @, @y
(11—211.‘){ (7'19+ ) p(n—2n) 4‘126'1 a3 " dap ™
mmne

+
p—m)e,

b oresin(nt—2nt+z—2¢+ w) . [12]
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n Ty 3mn 3a® a’ a? Expression
+ "*——~—-(3n__3n‘){2(”13 +3 T n@n—3uy ;17‘5263,2"—2—“7363,3— mb%‘& fm;]the:ongi-
: tude when
mn a . e
+m‘bl,3 esin(Znt—3nt+ 26— 3¢ + w) [13]q<“‘
n 7 4m 3a a’ a®
—_ {2 B e/ AN (bl ) SRR S
+(3n-4n,){ (T“*"’ 2) w@n—4n) 4a;zb“ 2a,3b3"‘ 4aﬁb“
mna__, . _ _
p.*’——(n—-n,)al nepesin@unt—4nt+ 3 —4e + w) []4]
2n .
+ ;2‘-7’15e,sm (¢t + ¢ —m) [15]
n 2m,n 3a2 a
ALY ¥ mn e
* (2n—n,){ i Cw(2n—n) Tar ' 2a,b”
4a bg3 }e,sin(2nt—n,t+2s—s,—w,) {17]
. 3mn 3a? a
L G—" O/ i S il ——
™ (3n-—2n,){ s B @Brn—2n)\da2 > 24q, B
4a9 34)}e,sm(‘*}nzt-—27z,t-!-3e—2e,—-w‘) [18]
n dm,n 3a®
— cmn
+ (4n—3n){ "o L @n—3n) <4a9 9 b"‘"‘
4“1% 3,)}e,sm(Alnt—.‘:u‘n t4+4e—3¢ —w, [19]
n m,n 2 a? a? a
e 2 _—— e 5T - _—
+(n-—2n,) e e oy A Zaﬁbs’(’ 2a, b,
+ 2 :263’)}e,sin(nt—2n,t+s—25,+w,) [2()]
o2 b
' (2n—3nl){ a1 p.(Zn—on,)( da? b 2a, *
3(196 .
t e 0o esin(2nt—3nt+4 26— 3¢ +w) [21]
i
n a
12, -
+(3n—4n,){ ! (3n—4n,)( 4a? bivs 2a,b3’8
+4a2b34)}e,sm(‘int—éln,t-j—.‘ig—-45,+W,) [22]

The expression for the tangent of the latitude has already been given, p. 49.
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When the latitude is reckoned from the plane of the orbit of the planet P, the
following terms must be added, in the general case where s is not equal to zero,
to that expression ;

n? a? .
~ Ty Ga) a—létancbs,lsm(Znt-—n,t-{- 2e—¢g —v)

+ n @ tansb,, sin (nt+
il £
2(n—mn) (n+n)a? A Do ! 1=

2 2 . .
~ 5@n 2nn)(4n 2n)‘f;-étarubs,gsm(3nt—2n‘t-|-3:;—2£,—1/)
—2mn, —=2n) q

2 2 .
- m_:.:_m.)_ ?J_Qtambg’gsm (nt—2nt+e—2¢ 4+ )
1 1 |

n® a® .
- @ taneb., .sin(4nt—3nt+4g—3e —
2@8n— 3"1) (5"—3n/) alQ e ( " U et g ")

n? a?

+ 2(n—3n)(Bn—3n)a?

tans by 5sin (2né —3nt + 26 — 3¢, + )

All the equations hitherto given apply to the case of an inferior disturbed by
a superior planet, or when @,> @, in order to render them applicable to the
case when @, < a it is necessary to write « instead of «, in the denominator
of the terms multiplied by b, ,, and o? instead of @} in the denominator of the

terms multiplied by b, , in the disturbing function R, but the expressions for

the quantities ¢ are not the same in this case.

It will I think be admitted that the expressions which occur in the theory
of the disturbances of the planets are more simple in terms of the quan-
tities of which the general symbol is b, than in terms of the partial differen-
tial coefficients of the quantity called 4 in the notation of the Mécanique

Céleste. The development of the disturbing function R in terms of the
dd4 d4

da’ da’
expressed in terms of the differential coefficients of 4 with respect to a only.
In this state it has been left by LarLace as may be seen, vol. ii. p. 12, but
the coefficients of the terms multiplied by the squares and products of the
eccentricities may be expressed very simply in terms of the quantities of
which the general symbol is b, by means of reductions, of which two exam-

differential coefficients &c. admits of reductions, so that it may be
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ples are given in the Théor. Anal. vol. i. p. 362. Similar reductions are

applicable to the terms in » (%i:) multiplied by the first power of the
eccentricities.
In Larrace’s notation

. dbl(o) . db, 1
bso"‘“bs,l—_%d; > -“‘bs,l bso 63,9—"7
FIASY ®)
— by — F by, 263,3——-—'5‘ ’ “‘bd, 50350 1’34—“-73
. %") . .5,
3 {a—,bm 205, }——%T * 3 {abs.l"bb,o"%bs,e = - d:
d.5,® d.s.®

3
3{ bs,e 51_“65, }_" da ° 3{ b;,5 — bs,o — 654}—-—'—(17‘2

The numerical values of these quantities are given for the principal planets
in the third volume of the Mécanique Céleste.

The following numerical examples will serve to explain the expressions given

above, and to show their accuracy, the results agreeing exactly with those
given in the Mécanique Céleste.

. m e *a? 5 a*
—=14 20 _ 5 a N
a + ® {“13 3,0 2“1731 {l + - 3a3b3’ 5 aﬂbf”‘} }cos(nt+s @)

—ricos(nt—mt+e—eg) Seep.55.

* The coefficient of cos (n¢ + ¢ — @) p. 52 line 11, and p. 55 line 3, should be

m, [ o 5 a®
{1 t w (3ap b0 =Tz gibsn }



64 MR. LUBBOCK’S RESEARCHES

r { +“9+ -b —b,—Ls } See p.57

' y- (2n-—n,) n (n—n,) 31 3,07 g 3,0 Nee p.o/.
n mn

A=Rl+£+m{2 l——‘—(_’;l:_ﬁ; Z——bll)}sln(nt—n‘t“’e—ﬂ)

In the theory of Jupiter disturbed by Saturn,

4+358387

5 = 2179193

.;i=-54531725, b,,, = 6206406, by o=
(]

b, , = 3185493 b,,—2082131 M L
! e 3 % 33594

n = 33721078 n, = 135792:34
@ = 520116636 e = 0480767

See Méc. Cél. vol. iii. p. 61 & 82.

Whence
o a? . a? a® —_—
o 5,0 = *353381, 2a‘g63,,= 473636 &1_363,0-2_&?63,,- — 120255
‘log.*120255 = 9-0801033
log. 520116636 = 0-7161007
9:7962040
log ' = 40033329
m, —
57928211 = log. *0000620613 minus
Larrace has . . . . . -0000620566 minus

See Méc. Cél. vol. iii. p. 121, hne
log{ b ;363,0 = 94423277

log.e = 8'6819347

log. a = 07161007

88403631

log. & = 35262617
m,

5'3141014 = log. 10000206111 +
Larrace has ' . . . . 0000206111 the sign omitted,

Méc. Cél. vol. iii. p. 122, hne 28.



IN PHYSICAL ASTRONOMY. ' 65

Calculation of r,, see p. 57.

log. n, = 5-1328751 @ Ly, =—"041075
log. 7 = 55279013 & W

——e log.-041075= 86135776
9-6049738 = log. ‘4026928

1og."_%.’5 = 07761940

n . . ——
1— L= 5973072 88373836 = log.*0687676
2
%bs,l — by — L by o= — 148315 — 1375352
! — 441045
log. 148315 = *1711851 o 2780802
o e =-297371
log. — = 94732982 L
a, - i — 281209
9:6444333 = log. 441045 log.-281209 = 9-4490293 —_——
log. 145973072 = +2033884 33346259
log. 4026928 = 9-6049738 61144054 = log. 0001301383

log. 33594 = 35262617

(S

log.a = 7161007

33346239 68305061 = log.*000676871 +

7, = — 0001301383 Larrace has . . . . 000676876 +p. 120.
similarly r, = 000556924,  r,="00005809, 7, =-000015045,

7, = 0000049785

Calculation of the coefficient of sin (n¢ — n¢ + ¢ — ¢) in the value of ».  See
p- 99.

P

log.  +0002398064 = 6:3798601 10g. 33594 = 35262617

log. 2= = 97761940 53111219 = log. 0000204702
66036661
58038801 see p. 49.
2'40754GI =log. 255'591 minus.

Larrace has . . . 2555917 the sign omitted, p. 120.
In the notation of the Méc. Cél. vol. iii. p. 120.
n=n", n=n'.
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The reader is requested to make the following corrections.
The expression for »—3 Phil. Trans. 1830, p. 345, should be
r~3=q "'3{1 + % eg(l + -54—e9)+3e(l + %e@>cos (nt—w=)
+—g-e2( 7e‘l cos(2nt—2w)+-8-e3cos(3nt—3w)
77

+—-8- tcos (4nt —4m)

The third term (multiplied by d ¢) in the equations of p. 23, line 4 and 6, and
the second term in the equation of the same page, line 11, must be suppressed.

Cae a o b e+ e? a s e? 4 ¢
p. 30, line 21, read + m, {a?(cos A _.2._1) for m‘{_;ﬂ (cosQ—QL ___Q_,_)
- p. 32, line 5, read - m, 2a_ 2 b b &ec. f01+m{ by o2 b, &
P ag 2a‘23’° 3,1 Tap 2a230 2a3 351 o

) 21 o 27 ,
p. 39, line 9, read — § ¢ 08 (2t~z+2) for ——& E;gee,cos (2t—2z+2)

p. 41, line 4, read :'—5 for ’;——;



